We present an analytical and numerical investigation of a spatial soliton propagating in a waveguide with ramp linear refractive index profile (ramp waveguide) and nonlocal nonlinearity. It is shown analytically by equivalent particle approach and numerically by implicit Crank-Nicolson scheme that in a ramp waveguide with local nonlinearity, the soliton experiences negative acceleration along the waveguide where its refractive index decreases linearly. On the other hand, if the soliton propagates in a uniform medium with nonlocal nonlinear response then it will experience a self-bending in the positive direction where the bending level depends on the soliton amplitude as well as on the strength of nonlocality. By combining these two effects, rich dynamics of soliton can be achieved. In this case, the soliton may oscillate inside the waveguide, move to the left or to the right part of the waveguide or even be trapped. Such soliton steering can be controlled by the soliton amplitude or by its initial position.
Introduction
During the past decades, solitons have been the subject of intense theoretical and experimental studies in almost all areas of physics including hydrodynamics, plasma physics, nonlinear optics and Bose-Einstein condensates (see e.g. Refs. 1-3). In the context of nonlinear optics, spatial solitons are formed due to the dynamic balancing of two opposing tendencies, namely the tendency for beams to spread due to diffraction and the tendency for the beams to contract due to self-focusing. 4 The interest to propagation of such solitons is driven mainly by their rich potential for all optical switching, power, and angle-controlled steering.
In a uniform medium with local Kerr nonlinearity, it is well-known that the soliton behaves as a particle moving with constant velocity. The transversal velocity of soliton may be disturbed when the soliton propagates in a nonlinear medium with transversal inhomogeneous refractive index distribution. For example, Refs. [5] [6] [7] [8] [9] have shown that a soliton may exhibit an oscillatory behavior in a symmetrical waveguide. However, as shown in Ref. 10 , when a soliton is placed in a ramp waveguide, then the soliton propagates along a quadratic curve inside the waveguide where the refractive index increases linearly and along a straight line in another region.
So far, most of the studies are directed to soliton propagation in a local nonlinear medium. However, under appropriate conditions, the nonlinear response of media might be significantly nonlocal in the sense that it importantly affects the properties of soliton in such media.
11 For example, in photorefractive media, nonlocal diffusion nonlinearity becomes significant for narrow beams. 12 Notice that in nonlocal nonlinearity, the nonlinear response depends not only on the light intensity but also on its derivative. In the case of temporal soliton in optical fiber, such nonlinearity response causes a phenomenon called Raman self-frequency shift.
13
For spatial soliton, a medium with positive nonlocal nonlinearity may induce the phenomenon of soliton self-bending during its propagation. 14, 15 Here the trajectory of soliton is also a parabolic curve.
In this paper, we study the dynamics of spatial soliton in a Kerr waveguide with nonlocal nonlinear response where the linear refractive index has a ramp profile. The soliton dynamics is analyzed theoretically using equivalent particle approach 16, 17 and numerically using implicit Crank-Nicolson method. 
Mathematical Model
The mathematical model that describes the propagation of optical beam in a nonlinear waveguide can be derived from the Maxwell equation. Based on the paraxial approximation, the propagation of optical waves along the z axis in a slab waveguide with uniform linear refractive index and local Kerr nonlinearity is described by the nonlinear Schrödinger equation (NLSE) [1] [2] [3] :
where u is the dimensionless slowly varying amplitude envelope, the longitudinal z and transversal x coordinates are scaled to the diffraction length and input beam width, respectively. If the effects of inhomogeneous linear refractive index in a transversal direction and first-order nonlocal contribution to nonlinear response are also considered, then the beam propagation is now modeled by the modified nonlinear Schrödinger equation (m-NLSE), see e.g. Refs. 8 and 9:
where V = −∆n(x) + µ(∂|u| 2 /∂x). Here, the parameter µ describes the strength of the nonlocal component of the nonlinear response. To be consistent with the fact that in practice the nonlocal contribution is small compared to the local one, we assume that the parameter µ is small. The function ∆n(x) in (2) stands for the profile of refractive index distribution. Throughout this paper, we consider a waveguide for which the index distribution has a ramp profile (ramp waveguide):
where b is the total width of the waveguide and ∆n 0 corresponds to the linear refractive index background of the waveguide. Notice that the waveguide center is located at x = 0.
Equivalent Particle Approach
To analyze the dynamics of a spatial soliton in the ramp waveguide with nonlocal nonlinearity, we consider as input a single soliton
where q andx 0 are respectively the amplitude and the initial center of soliton. In particle theory for soliton, the approximation is taken as
where
Here, the center of the beam is 16,17x (z) = p (2), it follows that the beam power is a conserved quantity and the propagation of the soliton center satisfies the following equations:
Because p is constant, in the mechanical particle analogy, (8) can be written as 16, 17 :
where −U is the Newton's potential for which the derivative equals the right hand side of (8) with respect tox.
The explicit formulae of the Newton's potential U and the transversal acceleration d 2x (z)/dz 2 can be obtained by substituting (5) to (8) and (9) . In this way, one gets
The first and second components in (10) and (11) are respectively contributions induced by nonlocality and the refractive index variation. One can see from (10) and (11) that the transversal acceleration and potential depend linearly on the strength of nonlocality as well as on the slope of the index variation, i.e., ∆n 0 /b. Furthermore, (10) and (11) show that the contribution of soliton amplitude q in the nonlocality effects is proportional to q 4 .
In Fig. 1 we show the acceleration and potential profiles of a soliton placed in the center of ramp waveguide. In the absence of nonlocality, the acceleration of equivalent particle is negative around the inhomogenous refractive index (ramp profile) and zero in other parts. Hence, if a soliton beam is launched with a zero velocity and its initial position is at the ramp profile, then it will be subject to a negative acceleration. Therefore it will go to the left part of the waveguide. On the other hand, in a uniform medium with nonlocality, the soliton will always experience a positive acceleration. As a result, it will be pushed to move to the right part of the waveguide. The higher amplitude soliton will experience a much bigger acceleration. Rich dynamics of soliton can be achieved due to the combined effects of refractive index with ramp profile and nonlocality, see Figs. 1(c) and 1(f). As seen in these figures, the acceleration caused by the refractive index variation is shifted up due to the contribution of nonlocality. If the refractive index with ramp profile is stronger than the nonlocality, then the acceleration around the ramp part remains negative. Hence the soliton will move to the left part of the waveguide, see also its potential profile in Fig. 1(f) . On the contrary, if the nonlocality dominates, e.g. due to the soliton having a higher amplitude, then the acceleration is always positive and therefore the soliton will always go to the right part. When the refractive index with ramp profile is "balanced" by the nonlocality, its acceleration is partly positive and partly negative. In this case, the potential profile may support the soliton to oscillate inside the waveguide. Furthermore if a soliton is placed at a position where the potential reaches its extreme values, then the soliton should be trapped in the sense that the soliton propagates with zero velocity. Detailed observation shows that such trapping soliton is stable only if its initial position is at the potential which is locally minimum. If the soliton input with initial position is at the locally maximum potential, then any disturbance (e.g. the position is not exactly at the locally maximum potential, due to numerical error) causes difference soliton movement. If its initial position is shifted to the left of the locally maximum potential, then the soliton will oscillate with a relatively large oscillation period. However, if its initial position is shifted to the right part, then it moves to exit to the right part of the waveguide.
Numerical Simulations and Discussion
To confirm the analytical predictions given in the previous section, we perform some numerical simulations of a spatial soliton propagating in a ramp waveguide with nonlocal nonlinearity using implicit Crank-Nicolson scheme. As input beam we take a single soliton (4). Unless stated differently, the width, the maximum linear refractive index variation and the nonlocality of the waveguide are taken as above, i.e., ∆n 0 = 0.1, b = 10, µ = 0.01. In Fig. 2 we show the propagation of soliton with amplitude q = 1. In a uniform medium with local nonlinearity, the soliton propagates without changing its shape and its transversal velocity. In a ramp waveguide with local nonlinearity, the soliton goes to the left part of the waveguide. However, the soliton moves to the right when it propagates in a uniform medium with nonlocal nonlinearity. These numerical results agree very well with the theoretical predictions. Next we perform numerical simulations to study the combined effects of the linear refractive index variation and the nonlocality. In Fig. 3 , we show the numerical results for three different amplitudes. These numerical results perfectly agree with the predictions of the equivalent particle approach. Here the soliton with amplitude q = 0.5 moves to the left part of the waveguide because the effect of linear refractive index variation is much stronger than the nonlocality. If the amplitude of soliton is q = 1.0, then the effect of index variation is "balanced" by the nonlocality and thus the soliton is oscillating inside the waveguide. However, when the nonlocality effect is much larger, e.g. by increasing the soliton amplitude such that q = 1.25, then the soliton moves to the right.
We then show the numerical results of trapping soliton in Fig. 4 . Using the previous waveguide parameters, the trapping soliton is achieved when its initial position is atx 0 = ±4.933. As predicted, if the soliton is placed at a position where the potential is locally minimum, i.e., atx 0 = −4.933, then the soliton is trapped because its velocity and its shape do not change; see Fig. 4(a) . However Fig. 4(b) shows that if the soliton is initially placed at a position where the potential is locally maximum, i.e.,x 0 = 4.933, then it oscillates inside the waveguide. This is caused by the fact that this initial position is not exactly at the locally maximum potential position (due to rounding error) but it is a little bit shifted to the left. If the initial position is atx 0 = 4.96, then the soliton goes to the right part of the waveguide. Figure 4 confirms our previous analysis that the trapping soliton in the locally minimum potential position is stable, while at the locally maximum potential position, it is unstable. From the theoretical and numerical results, we finally remark that the ramp waveguide with nonlocal nonlinearity can be applied for soliton steering. Here the output soliton position can be controlled by either the amplitude or the initial position of the soliton.
Conclusion
We have investigated the dynamics of spatial soliton in a ramp waveguide with nonlocal nonlinearity. It is shown that in such waveguide, the soliton may oscillate inside the waveguide, exit to the left or to the right part of the waveguide, or be trapped in the waveguide. This phenomenon offers important new opportunities for the control of soliton light beams. Our central finding here is the possibility to control the soliton steering where the output soliton location can be adjusted by the soliton amplitude or by its initial position.
